Abstract. In this paper, we study holomorphic rank-2 vector bundles on nonKähler elliptic surfaces. Our main tool for analysing these bundles is of course the spectral cover. However, given the non-Kähler condition, the elliptic surfaces we are considering do not have sections and gerbes naturally arise in this context. The spectral construction presented in this paper is a modification of the Fourier-Mukai transform for elliptic fibrations without a section. After examining some of the properties of this Fourier-Mukai transform, we give a complete classification of vector bundles on these surfaces.
Introduction
The study of sheaves over elliptic fibrations has been a very active area of research in both mathematics and physics over the past fifteen years; this is partly due to the role that such fibrations play in both mirror symmetry and the theory of integrable systems. An object that has, more recently, proven very useful in their study is the Fourier-Mukai transform. This transform is an equivalence of derived categories of sheaves on elliptic fibrations with a section whose properties are by now wellunderstood [Mu, BBRP, B, BM] ; for example, if E is a locally free sheaf on such a fibration Y → B, then under some mild assumptions, the transform assigns to E a torsion sheaf on the relative Jacobian J(Y ) of Y , which is supported on its spectral cover. An important point, which makes this construction possible, is the existence of a universal sheaf on Y × B J(Y ). However, if one considers an elliptic fibration without a section X → B, then there is no universal sheaf on X × B J(X); what exists instead is a twisted universal sheaf [C1] , which can be used to define a "twisted" Fourier-Mukai transform that is now an equivalence of derived categories of twisted sheaves [C2, DP] .
In this article, we consider holomorphic vector bundles on a specific class of fibrations without a section, non-Kähler elliptic surfaces. Although bundles on projective elliptic fibrations have been extensively studied, not very much is known about the non-Kähler case; another motivation for investigating bundles on these surfaces comes from recent developments in superstring theory, where six-dimensional nonKähler manifolds occur in the context of type IIA string compactifications with non-vanishing background H-field − in fact, all the non-Kähler examples appearing in the physics literature so far are non-Kähler principal elliptic fibrations (see [BBDG, CCFLMZ, GP] and the references therein). We first construct a particular twisted Fourier-Mukai transform for locally free sheaves on non-Kähler principal
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elliptic bundles, transforming them into torsion sheaves, which has the advantage of allowing us to work with sheaves instead of twisted sheaves; then, we use it to obtain a classification of rank-2 vector bundles on arbitrary non-Kähler elliptic surfaces (the existence and stability properties of such bundles are examined in [BrMo1, BrMo2] ). Note that this transform also makes sense for coherent sheaves, but since we are primarily interested in classifying vector bundles, we restrict our definition to locally free sheaves. Furthermore, the techniques developed here naturally extend to the case of sheaves on higher dimensional non-Kähler elliptic and torus fibrations.
A minimal non-Kähler elliptic surface X is a Hopf-like surface that admits a holomorphic fibration π : X → B, over a smooth connected compact curve B, whose smooth fibres are isomorphic to a fixed smooth elliptic curve; more precisely, if the surface X does not have multiple fibres, then it is the quotient of a complex surface by an infinite cyclic group. The constructions presented here are based on methods used in [Mo] to study bundles over Hopf surfaces. If X is a Hopf surface, then its Picard group is isomorphic to C * and there exists a universal line bundle on X × C * ; one can then use this bundle to define a natural transformation that takes a locally free sheaf E on X to a torsion sheaf L on B × C * . Note that the relative Jacobian J(X) of the Hopf surface X is the quotient of B × C * by the infinite cyclic group defining the surface; however, the torsion sheaf L cannot descend to this quotient. Nonetheless, this problem was solved in [Mo] by constructing a sheaf N on B × C * such that the tensor product L ⊗ N descends to J(X). In the sequel, we show that this construction extends to any non-Kähler elliptic fibre bundle; a twisted Fourier-Mukai transform is then defined as the composition of these two operations, taking locally free sheaves on X to torsion sheaves on J(X).
The article is organised as follows. We start by briefly reviewing the existence results that were proven in [BrMo1] . Then in the third section, we define the twisted Fourier-Mukai transform and examine some of its properties. Next, we show that if a vector bundle E is regular on all smooth fibres of π, then it is completely determined by its spectral cover S E and a certain line bundle on S E (over an elliptic curve, a bundle is said to be regular if its group of automorphisms is of the smallest possible dimension); consequently, we are able to prove that there is a one-to-one correspondence between rank-2 vector bundles with the same smooth spectral cover S E and a finite number of copies of a Prym variety associated to S E . We end the article by giving an overview of the methods that can be used to classify bundles that are not regular on at least one fibre of π.
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Holomorphic vector bundles
Let X π → B be a minimal non-Kähler elliptic surface, with B a smooth compact connected curve; it is well-known that X π → B is a quasi-bundle over B, that is, all the smooth fibres are pairwise isomorphic and the singular fibres are multiples of elliptic curves [K, Br3] . Let T be the general fibre of π, which is an elliptic curve, and denote its dual T * (a non-canonical identification T * := Pic 0 (T ) ∼ = T ). In this case, the Jacobian surface associated to X π → B is simply
(see, for example, [K, BPV, Br1] ) and the surface X is obtained from its relative Jacobian by a finite number of logarithmic transformations [K, BPV, BrU] .
2.1. Line bundles. Before giving a general description of line bundles on X, we begin with torsion line bundles. Suppose that π has a multiple fibre mF over the point b in B; the line bundle associated to the divisor F of X is then such
. Let P 2 denote the subgroup of Pic(X) generated by π * Pic (B) and the O X (T i )', where T 1 , . . . , T l are the multiple fibres (if any) of X. The group of all torsion line bundles on X is then given by
If X does not have multiple fibres, then the set of all holomorphic line bundles on X with trivial Chern class is given by the zero component of the Picard group Pic
In this case, any line bundle in Pic 0 (X) is of the form H ⊗ L α , where H is the pullback to X of an element of Pic 0 (B) and L α is the line bundle corresponding to the constant automorphy factor α ∈ C * ; in particular, there exists a universal (Poincaré) line bundle U on X × Pic 0 (X) whose restriction to X × C * := X × {0} × C * is constructed in terms of constant automorphy factors (for details, see [BrMo1] ).
For vector bundles on any elliptic surface X, restriction to a fibre is a natural operation; however, it is important to note that if X is non-Kähler, then the restriction of any line bundle on X to a smooth fibre of π always has degree zero [BrMo1] . Furthermore, even though non-Kähler elliptic surfaces have very few divisors (they are given by the fibres of π), there exist many line bundles on them; we have the following classification [BrMo1] . 
The set of all line bundles on X whose restriction to every smooth fibre of π is determined by the section Σ is a principal homogeneous space over P 2 .
2.2. The spectral construction. Consider a pair (c 1 , c 2 ) ∈ N S(X) × Z; then, its discriminant is defined as
Let E be a rank 2 vector bundle over X, with c 1 (E) = c 1 and c 2 (E) = c 2 . For the remainder of the paper, we fix the notation:
To study bundles on X, one of our main tools is restriction to the smooth fibres of the fibration π : X → B. Since the restriction of any bundle on X to a fibre T has first Chern class zero, we can consider E as a family of degree zero bundles over the elliptic curve T , parametrised by B. These families were described in detail in [BrMo1] . For the convenience of the reader, we give a brief summary. Given a rank two bundle over X, its restriction to a generic fibre of π is semistable. More precisely, its restriction to a fibre π −1 (b) is unstable on at most an isolated set of points b ∈ B; these isolated points are called the jumps of the bundle. Furthermore, there exists a divisor in the relative Jacobian J(X) = B × T * of X, called the spectral curve or cover of the bundle, that encodes the isomorphism class of the bundle over each fibre of π. The spectral curve can be constructed as follows. If the surface X does not have multiple fibres, then there exists a universal bundle U on X × Pic 0 (X), whose restriction to X × C * is also denoted U; we associate to the rank-2 vector bundle E the sheaf on B × C * defined by
where s : X × C * → X is the projection onto the first factor, id is the identity map, and π also denotes the projection π :
This sheaf is supported on a divisor S E , defined with multiplicity, that descends to a divisor S E in J(X) of the form
where C is a bisection of J(X) and x 1 , · · · , x k are points in B that correspond to the jumps of E. The spectral curve of E is defined to be the divisor S E .
If the fibration π has multiple fibres, then one can associate to X a principal
where the integer m depends on the multiplicities of the singular fibres; note that the map ε induces natural m-cyclic coverings J(X ′ ) → J(X) and ψ : X ′ → X. By replacing X with X ′ (which does not have multiple fibres) in the above construction, we obtain the spectral cover S ψ * E of the vector bundle ψ * E as a divisor in J(X ′ ). We then define the spectral cover S E of E to be the projection of S ψ * E in J(X).
Note. The spectral construction can be defined for any rank r vector bundle. In particular, for a line bundle, the spectral cover corresponds to the section of the Jacobian surface J(X) defined in section 2.1.
Remark 2.3. Let δ be a line bundle on X. It then defines the an involution i δ of the relative Jacobian
, where δ b denotes the restriction of δ to the fibre T b = π −1 (b). Taking the quotient of J(X) by this involution, we obtain a ruled surface F δ := J(X)/i δ over B. Let η : J(X) → F δ be the canonical map. By construction, the spectral curve S E of a bundle E with determinant δ is invariant with respect to the involution i δ and descends to the quotient F δ ; in fact, it is the pullback via η of a divisor on F δ of the form G E := k i=1 f i + A, where f i is the fibre of the ruled surface F δ over the point x i and A is a section of the ruling such that η * A = C.
We have seen that one can associate to every vector bundle on X a spectral cover. Conversely, given a fixed spectral cover without vertical components, there exists at least one rank-2 vector bundle on X associated to it. More precisely, we have the following existence result [BrMo1] .
Theorem 2.4. Let X be a non-Kähler elliptic surface and fix a line bundle δ on X. Moreover, let i δ be the involution of the relative Jacobian J(X) determined by δ and suppose that C is a bisection of J(X) that is invariant with respect to i δ . Then, there exists at least one holomorphic rank-2 vector bundle on X that has determinant δ and spectral cover C.
Note. Further existence results are given in [BrMo1] .
Gerbes and the Fourier-Mukai transform
For elliptic fibrations with a section, the spectral construction has, more recently, been studied from the point of view of the Fourier-Mukai transform. Let us consider for a moment an elliptic fibration Y π → B that has a section; in this case, the section of the fibration gives a natural identification of Y with its relative Jacobian J(Y ), that is, there is a canonical isomorphism J(Y ) ∼ = Y . Furthermore, there exists a universal line bundle P on the fibred product
and p 2 the projections of Y × B Y onto the first and second factors, respectively, and let E be a holomorphic vector bundle on Y . As in the previous section, the spectral cover C of E can be described as the support in
, which is the Fourier-Mukai transform of E, under some mild assumptions on E. Moreover, if E is semistable of degree zero on the generic fibre of π, then the restriction of R 1 p 2 * (p * 1 E ⊗ P) to C is a rank one coherent torsion free sheaf L and one can recover the bundle E from the spectral data (C, L).
Let us turn to the case of a non-Kähler elliptic fibre bundle X π → B; given the non-Kähler condition, π is now an elliptic fibration without a section − a genus one fibration in the terminology of [DP] . Consequently, X is not isomorphic to its relative Jacobian; indeed, if the general fibre of X is the elliptic curve T , then J(X) = B × T * . Furthermore, there is no universal line bundle on X × B J(X). To construct spectral covers of vector bundles on X, we bypassed this problem by working instead with the universal line bundle U that exists on X × C * (see sections 2.1 and 2.2). Consider a rank-2 vector bundle E on X. In this section, we show that the spectral cover S E ⊂ J(X) of E can also be determined as the support of a torsion sheaf L on J(X), leading us to the natural definition of a twisted FourierMukai transform Φ for locally free sheaves on X; in particular, Φ(E) = L. Some properties of this transform are then examined.
3.1. Gerbes. Let X be a general genus one fibration without multiple fibres. Then, as in the case of non-Kähler elliptic surfaces, X is not isomorphic to its relative Jacobian J(X) and distinct fibrations may have the same relative Jacobian; the information lost by passing from X to its Jacobian is, however, encoded in the class of X in the Tate-Shavarevich group of J(X), or equivalently, by an O * J(X) -gerbe ξ on J(X). Furthermore, even though there is no universal sheaf on X × B J(X), universal ξ-twisted sheaves do exist [C1] . An equivalence between derived categories of twisted sheaves, called a "gerby" Fourier-Mukai transform, can then be constructed by using these universal twisted sheaves (see [DP] for precise statements).
For example, if X is a non-Kähler principal T -bundle over the curve B, then the O * J(X) -gerbe corresponding to X is given by a cohomology class ξ ∈ H 1 (B, O B (T )), where O B (T ) denotes the sheaf of germs of locally holomorphic maps from B to T , and there exists a ξ-twisted universal sheaf U ξ on X × B J(X) = X × T * . In this case, the results of [DP] state that the twisted Fourier-Mukai transform defined by U ξ is an equivalence between the derived category D b (J(X), ξ) of ξ-twisted sheaves on J(X) and the derived category D b (X) of sheaves on X. But in this paper, we use the gerbe ξ to construct an explicit twist of the torsion sheaf L := R 1 π * (s * E ⊗ U), on B × C * , that descends to J(X) = B × T * . The cohomology class ξ induces an isomorphism of the surface X with a quotient of the form
where Θ is a line bundle on B with positive Chern class d, Θ * is the complement of the zero section in the total space of Θ, and τ is the multiplicative cyclic group generated by a fixed complex number τ ∈ C, with |τ | > 1; given this identification, every fibre of π is isomorphic to the elliptic curve C * /τ n . Hence, multiplication by τ defines a natural Z-action on X × C * that is trivial on X, inducing the quotient B) and α ∈ C * . However, if one considers the constant factor of automorphy τ ∈ C * , then one easily verifies that L τ is in fact the pullback of a line bundle on B of degree −d, also denoted L τ . Note that there is also a natural Z-action on B × C * , defined as multiplication by τ on the second factor, and (B × C * )/Z ∼ = J(X). Moreover, this action extends to the torsion sheaf
. Therefore, L cannot descend to J(X) because it is not invariant with respect to this action. To fix this problem, we construct a sheaf N on B × C * and a Z-action that leaves the tensor product L ⊗ N invariant.
Let us choose a point b 0 in B over which the graph of E does not have a vertical component over; without loss of generality, we assume that the line bundle L τ is given by the divisor −db 0 (if the divisor associated to L τ is instead i b i − j b j , the construction below follows verbatim, but the notation is more complicated). Let W = (b 0 × C * ) ∩ S E be the set of points on S E lying above b 0 . If (a, b) is a representation of the pair of points on S E above b 0 , then W is the set of all translates of this pair by τ , that is, W = i∈Z (τ i a, τ i b). Also, (a + b) is a divisor on S E and we denote T i (a + b) := τ i a + τ i b the translate of (a + b) by τ i ; we define a divisor on S E as the locally finite sum
Let N be the line bundle on S E associated to the invertible sheaf O SE (D E,b0 ); we also denote by N the line bundle considered as a sheaf on B × C * . Fix a section γ of the line bundle L τ ; we use it to define the following Z-action on the sheaf L ⊗ N over B × C * :
?
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Clearly, the sheaf L ⊗ N is invariant under this action and descends to the quotient J(X); we denote the quotient sheaf
Note that the support of L is S E ; moreover, if we take the pull back of L to B × C * and tensor it by N * , then we recover L (as above, we also denote N * the sheaf on B × C * obtained by extending the line bundle N * on S E by zero outside S E ).
Properties of the Fourier-Mukai transform.
Consider the following commutative diagram:
where s is projection onto the first factor, q :
are the natural quotient maps induced by the Zactions defined in section 3.1, and π and s are the projections defined in section 2.2. Given a locally free sheaf E on X, we define the twisted Fourier-Mukai transform to be the complex of sheaves Φ(E) on J(X) given by
Conversely, if L is a sheaf on J(X), we define the "inverse" twisted Fourier-Mukai transform as the complex of sheavesΦ(L) on X given bŷ
Referring to section 3.1, the sheaves of these complexes are well-defined; however, we should point out that we use the term "inverse" only in the sense that the transforms Φ andΦ are inverses of each other on certain classes of sheaves, as will become clear in the following. We state some of their properties in:
is a torsion sheaf on J(X), supported on a bisection C ⊂ J(X), that has rank 1 on the smooth points of C and rank at most 2 on the singular ones, then
Proof. Let E be a rank-2 vector bundle on X without jumps. If one unravels the definitions, then one sees that
moreover, flat base change induces a natural isomorphism π * R 1 π * (F ) = F for any coherent sheaf F on B × C * , implying thatΦ 0 (Φ 1 (E)) = s * (s * E/ ∼). However, since E is invariant under the Z-action, we have s * E/ ∼= s * E andΦ 0 (Φ 1 (E)) = s * (s * E) ∼ = E, proving (i). Note that for any coherent sheaf G on X × B J(X), there is an identification s * s * (G) = q * (G), which is again due to flat base change. Consequently, if L is a torsion sheaf on J(X) satisfying the hypothesis of part (ii), we have
There is a natural map ρ * L ⊗ N → R 1 π * (π * (ρ * L ⊗ N )); since both sheaves are supported on ρ * C and have naturally isomorphic fibres, this map must be an isomorphism, giving
Remark 3.2. Suppose that the bisection C is smooth. If the torsion sheaf L satisfies the conditions of Theorem 3.1 (ii), then its restriction to C is a line bundle. Denote
/ ∼ the quotient sheaf on X × B J(X); one easily verifies that the support of L is the principal T -bundle W := X × B C and that the restriction of L to W is a line bundle. Letγ : W → X be the natural projection. We then have the following identification:
In particular, we see that if E is a rank-2 vector bundle with spectral cover C and
Regular rank two vector bundles
4.1. Definition and existence. Over a smooth elliptic curve, a rank-2 vector bundle of degree zero is said to be regular if its group of automorphisms is of the smallest dimension, that is, it is a semistale bundle that is never isomorphic to λ 0 ⊕ λ 0 , with λ 0 ∈ Pic 0 (T ). If E is a holomorphic rank-2 vector bundle on an elliptic surface X, then E is regular if and only if its restriction to a fibre T is always regular. One can easily show that if a rank-2 vector bundle has a smooth spectral cover, then it is regular (see, for example, [FMW, Mo] ); given Theorem 2.4, regular bundles therefore always exits. However, regular bundles do not always have smooth spectral covers, as stated in:
Proposition 4.1. Let X be a non-Kähler elliptic fibre bundle over the curve B and let δ be a line bundle on X. Consider a (not necessarily smooth) bisection C of the relative Jacobian J(X) of X that is invariant with respect to the involution i δ of J(X) determined by δ. Then, there exists at least one regular bundle on X with determinant δ and spectral cover C.
Proof. Let us consider the section A of F δ corresponding to C (see remark 2.3). Locally, over an open disc D of B, this section is the graph of a rational map ̺ : D → P 1 . Choose a line bundle λ over T with c 1 (λ) = −1; non-trivial extensions of λ * by λ are therefore regular rank-2 vector bundles over T , which are parametrised by P(H 1 (T, λ 2 )) ∼ = P 1 . If we write ̺ as a quotient p(b)/q(b), where p and q are coprime polynomials, we can define a regular bundle on D × T , whose graph is the restriction of A to D, by the extension
Moreover, if two regular bundles on D × T have the same graph, given by a rational map ̺ : D → P 1 , then they are isomorphic (see Lemma 5.1.2 of [BH] ); this is also true for any simply connected subset D of B, in which case the isomorphism can be chosen to be an SL(2, C)-isomorphism. Let {D i } be an open cover of B such that every open set D i is a disc in B and the intersection of any two open sets is simply connected. The extension (4.2) gives regular bundles over each D i , which can then be glued together to give a regular bundle on X with the required properties. 4.2. Classification of regular bundles. Assume that the surface X has multiple fibres m 1 T 1 , . . . , m l T l over the points b 1 , . . . , b l in B. We fix a line bundle δ on X and its associated involution i := i δ of the Jacobian surface J(X). Consider a smooth irreducible bisection C of J(X), invariant under the involution i, and let W be the normalisation of X × B C. As C is a double cover of B, then W is also a double cover of X and we have the following commutative diagram 
. . , l; we define the following subgroup of P 2,W :
Finally, suppose that there are s multiple fibres m i1 T i1 , . . . , m is T is of π that do not lie over branch points of C γ → B. Then, we denote Theorem 4.5. Let us denote Σ C the section of J(W ) = C ×T * that corresponds to the map C → J(W ). Fix a line bundle L on W that corresponds to the section Σ C and is such that det(γ * (L)) = δ. All rank-2 vector bundles on X with determinant δ and spectral cover C are then given precisely bỹ γ * (L ⊗ λ), λ ∈ P 0 2,W /ῑ, whereῑ denotes the involution on W that interchanges the sheets ofγ and
Moreover, there is a natural exact sequence
where P rym(C/B) is the Prym variety associated to the double cover C γ → B. Note that if X does not have multiple fibres, then P 0 2,W /ῑ ∼ = P rym(C/B). Remark. If one does not fix the determinant, rank-2 vector bundles on X with first Chern class c 1 (δ) and spectral cover C are then parametrised by the group P 0 2,W , which is isomorphic to m i1 m i2 . . . m is copies of the Jacobian J(C) of C.
Proof. Consider a rank-2 vector bundles E with determinant δ and spectral cover C. Referring to remark 3.2, if X does not have multiple fibres, we can associate to E a unique line bundle L on W such that E =γ * (L). If X has multiple fibres, the same can be said of the pullback ψ * E of E to X ′ , where X ′ is the m-to-one cover of X (without multiple fibres) described in section 2.2. Indeed, if N 1 and N 2 are nonisomorphic line bundles on W , they must generate non-isomorphic rank-2 vector bundles on X, otherwise, their pullbacks to X ′ would contradict the above. In other words, whether X has multiple fibres or not, there is a one-to-one correspondence between rank-2 vector bundles, with determinant δ and spectral cover C, and line bundles N on W , associated to the section Σ C ⊂ J(W ), such that det(γ * (N )) = δ.
Fix a line bundle L on W that corresponds to the section Σ C and is such that det(γ * (L)) = δ. Recall that any line bundle corresponding to Σ C is of the form L ⊗ λ, where λ is an element of P 2,W . Hence, consider a line bundle
we see that c 1 (γ * (L ′ )) = c 1 (δ) if and only ifγ * (c 1 (λ)) = 0, implying that λ ∈ P 0 2,W . For any line bundle N on W , there is an exact sequence on W
Inserting the line bundles L and L ′ in the exact sequence (4.6), we have
Consequently, λ must satisfy the equation
The set of all rank-2 vector bundles on X with determinant δ and spectral cover C is therefore parametrised by P 0 2,W /ῑ. We end by determining the generators of the group P 
The local geometry of a jump
We finish this paper with some remarks concerning rank-2 vector bundles on X with jumps. We begin by fixing some notation. Let E be such a bundle and assume, for simplicity, that it has a single jump over the smooth fibre T = π −1 (x 0 ). The multiplicity µ of the jump is then less than or equal to the non-negative integer n E := −ch 2 (E) [BrMo1] and the spectral cover of the bundle has two components:
where C is a bisection of J(X) whose degree over T * is equal to n E − µ. Finally, if δ is the determinant of E, the restriction of E to the fibre T is then of the form λ ⊕ (λ * ⊗ δ x0 ), for some λ ∈ Pic −h (T ), h > 0. The integer h is called the height of the jump at T ; the height and multiplicity satisfy the inequality h ≤ µ.
Suppose that X has multiple fibres and consider one of them, say m 0 T 0 . As in section 2.2, one can associate to X an elliptic quasi-bundle π ′ :
′ is a smooth fibre of π ′ , where ψ : X ′ → X is the m 0 -cyclic covering induced by ε. We then say that E has a jump over T 0 if and only if the restriction of ψ * E to the fibre T ′ 0 is unstable. Consequently, the height and multiplicity of the jump of E over T 0 are defined as the height and multiplicity of the jump of ψ * E over T ′ 0 .
5.1. The jumping sequence of a vector bundle. A key ingredient in the description of a jump is the notion of elementary modification of a vector bundle; for its basic properties, we refer the reader to [F] . Consider a rank-2 vector bundle E on X with det(E) = δ, c 2 (E) = c 2 , and spectral cover S E = (
If N is a line bundle on the smooth fibre T 0 := π −1 (x 0 ) for which there exists at least one surjection E| T0 → N , then any elementary modification V of E determined by N has invariants det(V ) = δ(−T 0 ), c 2 (V ) = c 2 + deg(N ), and spectral cover
Note that the restriction of V to T 0 is of the form N ⊕ (N * ⊗ δ x0 ). Suppose that E is unstable on the fibre T , splitting as
Then, up to a multiple of the identity, there is a unique surjection E| T → λ, which defines a canonical elementary modification of E that we denoteĒ. This elementary modification is called allowable [F] . Consequently, we can associate to E a finite sequence {Ē 1 ,Ē 2 , . . . ,Ē l } of allowable elementary modifications such thatĒ l is the only element of the sequence that does not have a jump at T . This sequence induces the following important invariants of a jump.
Definition 5.1. Let T be a smooth fibre of π. Suppose that the vector bundle E has a jump over T and consider the corresponding sequence of allowable elementary modifications {Ē 1 ,Ē 2 , . . . ,Ē l }. The integer l is called the length of the jump at T . The jumping sequence of T is defined as the set of integers {h 0 , h 1 , . . . , h l−1 }, where h 0 = h is the height of E and h i is the height ofĒ i , for 0 < i ≤ l − 1.
If the vector bundle E has a jump over a multiple fibre m 0 T 0 of π, we define the length and jumping sequence of T 0 to be the length and jumping sequence of the jump of ψ * E over the smooth fibre T ′ 0 = ψ −1 (T 0 ) of ψ, where ψ : X ′ → X is the m 0 -cyclic covering defined at the beginning this section. 
Generic jumps.
If one starts with a vector bundle E that is semistable on every fibre of π, then one can introduce jumps over the smooth fibres of π by performing elementary modifications; however, this implies the existence of a surjection from E to a positive line bundle N over such a fibre T . If the bundle E is regular, then such a surjection always exists. But if the bundle E is not regular on the fibre T , these surjections fail to exist precisely for line bundles N of degree one; in this case, one cannot add a jump of multiplicity one to E over the fibre T .
Let us fix a spectral cover S = ( k i=1 {x i } × T * ) + C such that π −1 (x i ) is a smooth fibre, for all i = 1, . . . , k. Suppose that the bisection C is invariant with respect to an involution of J(X) determined by a line bundle δ on X. The generic bundle with spectral cover S can be constructed as follows. Start with a bundle E 0 that has determinant δ(kT ) and spectral cover C, which is regular on the fibres π −1 (x i ). If the surface X does not have multiple fibres, then this is always possible (see Proposition 4.1). Fix a line bundle N on T of degree one. Finally, perform k elementary modifications with respect to N on the fibres π −1 (x i ), counting multiplicity, to obtain a vector bundle whose jumps have the correct multiplicities. In this case, every jump has jumping sequence {1, . . . , 1}. This construction is, however, far from canonical because it depends on the following: a choice of rank-2 vector bundle E 0 , a choice of line bundle N of degree one and surjections to N .
In general, we can assign to a jump π −1 (x i ) any jumping sequence {h 0 , . . . , h l−1 }, as long as l−1 i=1 h i is equal to the multiplicity of the vertical component {x i } × T * in S, in which case we will have to choose a different line bundle N for each distinct integer in {h 0 , . . . , h l−1 }. For a detailed classification of such jumps, we refer the reader to [Mo, BrMo2] .
